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OUTLINE
• Experimental design for model building

• Starting from steady-state condition

 Process reaction curve 

 Statistical parameter estimation

• Starting from unsteady-state condition

 Statistical parameter estimation

• Implementation in MATLAB
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EMPIRICAL MODELLING

We have invested a lot of effort to learn fundamental
modelling.  Why are we now learning 

about an empirical (or data-driven) approach?  

TRUE/FALSE QUESTIONS

• We have all data needed to develop a fundamental model of a complex process

• We have the time to develop a fundamental model of a complex process

• Experiments are easy to perform in a chemical process

• We need very accurate models for control engineering
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FUNDAMENTAL MODEL vs. EMPIRICVAL MODEL
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EMPIRICAL MODEL BUILDING PROCEDURE

Not just
process
control

Experimental Design

Plant Experimentation

Determine Model Structure

Parameter Estimation

Diagnostic Evaluation

Model Verification

Start

Complete

Alternative
data

A priori  knowledge

Data
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EMPIRICAL MODEL IDENTIFICATION BEYOND MERE 
MODELING SKILLS

A good model relies on the quality of collected data and its ability
to mitigate uncertainties.

Locations

Uncertainties
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EMPIRICAL MODEL BUILDING PROCEDURE

Looks very general; it is!
However, we still need to 
understand the process!

• Changing the temperature 10 K in an ethane pyrolysis reactor is allowed.

• Changing the temperature in a reactor would kill the micro-organisms

Experimental Design

Plant Experimentation

Determine Model Structure

Parameter Estimation

Diagnostic Evaluation

Model Verification

Start

Complete

Alternative
data

A priori  knowledge
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Experimental Design

Plant Experimentation

Determine Model Structure

Parameter Estimation

Diagnostic Evaluation

Model Verification

Start

Complete

EMPIRICAL MODEL BUILDING PROCEDURE
• Base case operating conditions

• Definition of perturbation

• Measures

• Duration

• Safely

• Small effect on product quality

• Small effect of profit

• We will stick with linear.

• What order, dead time, etc?
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EMPIRICAL MODEL BUILDING PROCEDURE

• Gain, time constant, dead time ...

• Does the model fit the data used 
to evaluate the parameters?

• Does the model fit a new set of 
data not used in parameter 
estimation.

Experimental Design

Plant Experimentation

Determine Model Structure

Parameter Estimation

Diagnostic Evaluation

Model Verification

Start

Complete
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Experimental Design

Plant Experimentation

Determine Model Structure

Parameter Estimation

Diagnostic Evaluation

Model Verification

Start

Complete

EMPIRICAL MODEL BUILDING PROCEDURE

• What our goal?

We seek models good enough for control design, 
controller tuning, and process design.

• How do we know?
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OUTLINE
• Experimental design for model building

• Starting from steady-state condition

 Process reaction curve 

 Statistical parameter estimation

• Starting from unsteady-state condition

 Statistical parameter estimation

• Implementation in MATLAB
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DYNAMIC PROCESS MODELING: Initial Steady-State Prior to Manipulation 

Method 1: Process reaction curve - The simplest and most often used 
method.  Gives nice visual interpretation as well.

1. Start at steady state

2. Single step to input

3. Collect data until steady state

4. Perform calculations

T
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Method 1 (fit 1): 
Process Reaction Curve

Input change:

Output change:
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But in practice, this is 
the experimental data we have.

Method 1 (fit 1): 
Process Reaction Curve
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Method 1 (fit 3): 
Process Reaction Curve
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Recommended

Process Reaction Curve

fit I

• Developed first

• Prone to errors 
because of evaluation 
of maximum slope

fit III

• Developed in 1960’s

• Simple calculations

NOTE: Because of the difficulty in 
evaluating the slope, especially  when the 
signal has high frequency noise, fit I has 
larger error in the parameter estimates; 
thus fit III is preferred.

DYNAMIC PROCESS MODELING: Initial Steady-State Prior to Manipulation 
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OUTLINE
• Experimental design for model building

• Starting from steady-state condition

 Process reaction curve 

 Statistical parameter estimation

• Starting from unsteady-state condition

 Statistical parameter estimation

• Implementation in MATLAB
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Statistical Method

Provides much more general approach that is not restricted to
• step input
• first order with dead time model
• single experiment
• “large” perturbation
• attaining steady-state at end of experiment

Requires

• more complex calculations
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Method 2: Statistical Method

• The basic idea is to formulate the model we want so that regression can
be used to evaluate the parameters.

• Now we still do this for a first order plus dead time model, although the 
method is much more general.
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We have discrete measurements, so let’s express the model as a difference 
equation, with the next prediction based on current and past measurements.
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With discrete measurements, let’s express the model as a difference equation. It is used 
for the next prediction based on current and past measurements.
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solve for a & b
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solve for a & b
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Assumption for statistical method

• The error E is an independent random 
variables with zero mean

• The (FOPDT) model structure reasonable 
represents the true process dynamics

• The parameters a and b do not change 
significantly during the experiment
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Sampling time: min33.0t

dead time,  a b 

7 0.9640   0.1010 7.52

8 0.9605    0.1080 6.33

9 0.9578     0.1143 5.86

10 0.9555     0.1196 6.21

 2E
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Method 2: Statistical Method
If  is unknown, solve least square problem 
for several s, find  with lowest E
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OUTLINE
• Experimental design for model building

• Starting from steady-state condition

 Process reaction curve 

 Statistical parameter estimation

• Starting from unsteady-state condition

 Statistical parameter estimation

• Implementation in MATLAB
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We have discrete measurements, so let’s express the model as a difference 
equation, with the next prediction based on current and past measurements.
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solve for a, b & d
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OUTLINE
• Experimental design for model building

• Starting from steady-state condition

 Process reaction curve 

 Statistical parameter estimation

• Starting from unsteady-state condition

 Statistical parameter estimation

• Implementation in MATLAB
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%% DAQ setup
BDaq = NET.addAssembly('Automation.BDaq4');
aoCtrl = Automation.BDaq.InstantAoCtrl();
aoCtrl.SelectedDevice = Automation.BDaq.DeviceInformation('PCI-1716');

aoChannel = int32(1);   % Valve 1 / MV1
MV1 = 1.5;
aoCtrl.Write(aoChannel, MV1);

aiChannel = int32(1);   % Tank 3 / P3
[status, data] = aiCtrl.Read(aiChannel);
P3 = data;

DAQ IN MATLAB

0-5 V

0-5 V

38
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%% Pressure modeling experiment
% SISO: Valve 1 (MV1) -> Tank 3 pressure P3
% AO channel 1 = Valve 1
% AI channel 1 = P3
% Sampling target: 0.5 s
%
% MV schedule:
%   0-500 s     : 1.5 V   baseline / stabilization
%   500-700 s   : 2.1 V   modeling
%   700-900 s   : 1.6 V   modeling
%   900-1100 s  : 2.2 V   modeling
%   1100-1300 s : 1.7 V   modeling
%   1300-1500 s : 2.1 V   validation
%   1500-1700 s : 1.8 V   validation
%
% Modeling interval   : 500-1300 s
% Validation interval : 1300-1700 s

DAQ IN MATLAB

0-5 V

0-5 V

37
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MATLAB MODELING

maxDelaySec = 60;

dataFile = 'Pressure_modeling_1700s.xlsx';
sheetName = 'Sheet1';

baselineStart = 400; baselineEnd = 500;
modelStart = 500;modelEnd   = 1300;
valStart = 1300; valEnd = 1700;

% Search delay only with modeling data.
% 60 s is intentionally broad enough for comparison.
maxDelaySec = 60;

Baseline：400–500 s

主要計算：以及 𝜎 = std 𝑦

然後利用：±2𝜎 判斷 prediction residual 是否落在
baseline noise 的範圍內。Baseline 沒有用來做 LS 
parameter fitting。

Modeling：500–1300 s

只有這段資料會用來：𝑎, 𝑏, 𝑑 以及選：Γ

Validation：1300–1700 s

Validation data 的用途只有：把前面已經完成的模
型拿來測試。也就是：𝑎, 𝑏, 𝑑, Γ  全部固定之後，才
把 validation data 放進模型。

40
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MATLAB MODELING
%% Read data
num = xlsread(dataFile, sheetName);
if size(num,2) < 3

error('The Excel file must contain Time, MV1, and P3 in the first three numeric columns.');
end

t = num(:,1); u = num(:,2); y = num(:,3);

valid = isfinite(t) & isfinite(u) & isfinite(y);
t = t(valid); u = u(valid); y = y(valid);

[t, order] = sort(t);
u = u(order);y = y(order);

TsRaw = mean(diff(t));

𝑇௦ = mean 𝑡௞ାଵ − 𝑡௞

39
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MATLAB MODELING

%% Check MV schedule
fprintf('MV schedule check:\n');
showMV(t,u,0,500);
showMV(t,u,500,700);
showMV(t,u,700,900);
showMV(t,u,900,1100);
showMV(t,u,1100,1300);
showMV(t,u,1300,1500);
showMV(t,u,1500,1700);

系統鑑別需要輸入：𝑢 具有足夠 excitation。

function showMV(t,u,tStart,tEnd)

mask = (t >= tStart) & (t < tEnd);

if any(mask)
fprintf('  %4.0f-%4.0f s : MV mean = %.4f V, min = %.4f, max = %.4f\n', ...

tStart,tEnd,mean(u(mask)),min(u(mask)),max(u(mask)));
end

42
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MATLAB MODELING
%% Compare Raw / 5s / 10s
blockList = [0 5 10];
modelNames = {'Raw','Block5s','Block10s'};

for j = 1:length(blockList)
blockSec = blockList(j);
[tb, ub, yb, TsB] = getSection(t,u,y,baselineStart,baselineEnd,blockSec,TsRaw);
[tm, um, ym, TsM] = getSection(t,u,y,modelStart,modelEnd,blockSec,TsRaw);
[tv, uv, yv, TsV] = getSection(t,u,y,valStart,valEnd,blockSec,TsRaw);

if isempty(tb) || isempty(tm) || isempty(tv)
error('One of the selected intervals contains no usable data.');

end

41
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MATLAB MODELING

TsOut = mean(diff(ts));

function [ts,us,ys,TsOut] = getSection(t,u,y,tStart,tEnd,blockSec,TsRaw)
mask = (t >= tStart) & (t < tEnd);
ts = t(mask);us = u(mask); ys = y(mask);

if blockSec <= 0
TsOut = mean(diff(ts));
return;

end

nPer = max(1,round(blockSec/TsRaw)); nBlocks = floor(length(ys)/nPer);

if nBlocks < 2
error('Not enough samples for %.2f s block averaging.',blockSec);

end

nUse = nBlocks*nPer;
ts = ts(1:nUse);us = us(1:nUse);ys = ys(1:nUse);
ts = mean(reshape(ts,nPer,nBlocks),1)';
us = mean(reshape(us,nPer,nBlocks),1)';
ys = mean(reshape(ys,nPer,nBlocks),1)';

TsOut = mean(diff(ts));

假設：𝑇௦ = 0.1𝑠 要做 5 s average：𝑛௣௘௥ =
ହ

଴.ଵ
= 50

即每 50 samples 平均一次。

Non-overlapping block average

44
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MATLAB MODELING

sigma = std(yb,0);
baselineMean = mean(yb);

% Fit ONLY modeling data.
fitResult = fitModel(tm,um,ym,TsM,maxDelaySec);

% One-step-ahead evaluation.
modelEval = evaluateOneStep(tm,um,ym,fitResult,sigma);
valEval = evaluateOneStep(tv,uv,yv,fitResult,sigma);

後面使用：±2𝜎 作為一個 residual tolerance。

例如 baseline：𝜎 = 0.01𝑉 那：2𝜎 = 0.02𝑉

如果：∣ 𝑒 𝑘 ∣≤ 0.02𝑉 就算 prediction error 落在 ±2𝜎內。
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MATLAB MODELING
function result = fitModel(t,u,y,Ts,maxDelaySec)

N = length(y);
maxGamma = floor(maxDelaySec/Ts);maxGamma = min(maxGamma,N-3);
gammaGrid = (0:maxGamma)‘; sseGrid = nan(size(gammaGrid));
betaStore = nan(length(gammaGrid),3);

for ii = 1:length(gammaGrid)
Gamma = gammaGrid(ii);
idx = (Gamma+1):(N-1);

X = [y(idx), u(idx-Gamma), ones(length(idx),1)];
Y = y(idx+1);

beta = X\Y;
pred = X*beta;
err = Y-pred;
sseGrid(ii) = sum(err.^2);
betaStore(ii,:) = beta';

end


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MATLAB MODELING
function result = fitModel(t,u,y,Ts,maxDelaySec)

[bestSSE,bestIdx] = min(sseGrid);
Gamma = gammaGrid(bestIdx);
a = betaStore(bestIdx,1);
b = betaStore(bestIdx,2);
d = betaStore(bestIdx,3);

if a > 0 && a < 1
tau = -Ts/log(a);

else
tau = NaN;

end

if abs(1-a) > eps
Kp = b/(1-a);

else
Kp = NaN;

end

theta = Gamma*Ts;
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MATLAB MODELING

end

function E = evaluateOneStep(t,u,y,M,sigma)
N = length(y); Gamma = M.Gamma;
pred = nan(N,1); residual = nan(N,1);

idx = (Gamma+1):(N-1);
pred(idx+1) = M.a*y(idx) + M.b*u(idx-Gamma) + M.d;
residual(idx+1) = y(idx+1)-pred(idx+1);

valid = isfinite(pred); err = residual(valid); Y = y(valid);
E.RMSE = sqrt(mean(err.^2)); den = norm(Y-mean(Y));

if den > 0
E.Fit = 100*(1 - norm(err)/den);

else
E.Fit = NaN;

end

E.Within2Sigma = 100*mean(abs(err) <= 2*sigma);
E.pred = pred;
E.residual = residual;

end

只有：idx = (Gamma+1):(N-1); 後面的資料才可以預測。

假設：Γ = 5 要計算：𝑢 𝑘 − 5 前面幾個 points 根本沒有足
夠的 past input。所以那部分不能計算 prediction。

48
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ON-LINE MODEL VERIFICATION 
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Check online whether the
difference between actual plant
output and model prediction is
within acceptable limits.
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ON-LINE MODEL VERIFICATION 
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ON-LINE MODEL VERIFICATION 
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Process Response to More Then One Input
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Feature Process reaction curve Statistical method 
Input magnitude Signal/noise > 5 Can be much smaller 
Experiment duration Reach steady state Steady state not required 
Input change Nearly perfect step Arbitrary, not sufficient 

“information” required 
Model structure First order with dead time General linear dynamic model 
Accuracy with 
unmeasured 
disturbances 

Poor with significant 
disturbance 

Poor with significant 
disturbance 

Diagnostics Plot prediction vs data Plot residuals 
Calculations simple Requires spreadsheet or 

other computer program 
 

EMPIRICAL MODEL BUILDING PROCEDURE
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How accurate are empirical models?

• Linear approximations of non-linear processes

• Influence of noise and unmeasured disturbances on data

• Imperfect implementation of valve change

• Sensor errors

Let’s say that each parameter has an error
 20%. Is that good enough for
future applications?

ISSUES OF EMPIRICAL MODELS

53


